
A-192 321 PARALLEL SOLUTIONS TO GEOMETRIC PROBLEMS ON THE scm 1/1
- MODEL OF COMPUTATION..(U) MASSACHUSETTS INST OF TECH

CAMBRIDGE ARTIFICIAL INTELLIGENCE L..
UNCLASSIFIED G E BLELLOCH ET AL. FEB B9 RI-M-952 F/G 12/2 NL

,MENOMOE EhI



l 3.

]
a

1.5 1.4 .6

11(11-
R . 2-1 TEST CHART

FA 
p.. PA

As ~-F'P'V~~-~-*As ~A* Sr.,. ~*jd*~f*- *'~dI

~. As%



WE__________________1*,*dAD-A 192 321
REPORT DOCUMENTATION PAGE

*(OD:Q N.uMBEG 12 GOVT ACCESSION NO 3 NECIPIENT S LA ALI.. -s

AIM-952
4 TT! &-*d Swbv111.1 S TYPE OF REPORT APERIOD COVERED

Parallel Solutions to Geometric Problems A Mm
on the Scan Model of Computation ~~OO EOTNME

Au 1 ,o6, CONTRACT OR GRANT NUMSE11(.)

0. Guy E. Blelloch and DACA76-85-C-0O0%

James J. Little NOOO1.4-85-K-0124
9 9EQVORM14G ORGANIZATION NAMIE ANO ADDRESS IC0 PROGRAM ELEMEN4T PRO~jEC'. 'ASK

Artificial Intelligence Laboratory AE OKUI UUR

545 Technology Squarea
Cambridge, MA 02139

I CONTROLLING OFFICE NAME ANO ADDRESS 12. REPORT DATE

Advanced Research Projects Agency February 1988
1400 Wilson Blvd. 13. NUMBER 0F PAGES

Arlington, VA 22209 32
14 MONITORING AGENCY NAME 11 ADORIESSuIf different from C..aeroinil Offie) IS. SECURITY CLASS. (o 144 ~epair*)
Office of Naval Research UNCLASSIFIED
Information Systems _______________

Arlington, VA 22217 IS& IDECLA SIFICATION/OOWNGRADING

IS OiSTRISUTION STATEMENT (at this RoFeD)

Distribution is unlimited.

17. DISTRIBUTION STATEMENT (of IN* abstt,.etered In Block 20. Of different frm Report) iI140

IS SUPPLEMENTARY NOTES

None .

I9. KEY WORDS (Continue ore revers. side to Re.oserw ed tdeagfD by block numb"r)

Computational Geometry, Parallel Computation, Connection Machine,-

Graphics

fO AUSTRACT (Continue on 0roo rside of necesar and Idenon fir block roumber)

This paper describes several parallel algorithms that solve geometric otroblems.

The algorithms are based on a vector model of computation - the scan-model.

The purpose of this paper is both to show how the model can be used and to sho%

a set of interesting algorithms.
-W@.-describi a k-D tree algorithm that, for n points, requires O(lg n)

calls to the primitives, a closest-pair algorithm that requires O(lg n) calls

to the primitives, a line-drawing algorithm that requires 0(l) calls to the

-rmtxa ln -fgch nvrtmhat requires 0(1) calls to the
DD 147A 3 EOITION4OF INOV SS IS ODSOLETE UNCLASSIFIED

!Sfl 0'.2-0 4-801
SiNO:2.54.6O ISECURITY CLASSIFICATION OF TNIS PACE (Wo Date 3g...rs

% % % VV % %.

-t' ?r*-



.. primitives, and finally three different convex-hull algorithms. All these
algorithms should be noted for their simplicity rather than complexity;
many of them are parallel versions of known serial algorithms.

Most of the algorithms discussed in this paper have been implemented on
the Connection Machine, a highly parallel single instruction multiple data (SIMD)
computer.
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1 Introduction

I'le pin joI ()f t his pa per i. wufl. I ii ~ v. it di-crils a set of legalt. pratictal alo-

ritlll for itx g diverse -,cI of jirolhleiii ll i (illiputat jol011 gt'Oiiiet I aiild grailhics. Set-

oll(llY. It helps de I IIo I I., rate t IIw scwUi-mI iit via blIe IIIod e lf I I ltto oI. t .oIwo

p)urpo01wS cnmiileiiieiit vacIh 0othir: thle iiiodel alloW. a simpijle (Ie.~crijtioil of' fle lg oritliiiis.%

w~id t lie a l!2orithn is demoni~lstriatIe li potwer (d th Ill odl '

Heserc~iri~have siigg,:,est((l s(\(laiI. Vit(i i llinollS, p)11i1lel iiiodels of colliutill. Thie

most po p ufr of' thI ese miodels it e I lie parall eIli rI I I I I acce.S. Im IachlineI (P P-R AMN) ililldels [13] .

A P-WAMi conissts of at set of conveni onlI pirocessors at tachedl to at single shared iiieiiior.

~ P~ces o mmcifhiuinicate through the shlaredl i eiiory: one pirocessor can write a value ito

LPtkl .Ilnuiloit funld anlother p~rocessor can read this, value. Researchers have suggested several

variatlions of the P-H AM iiodels. These variations mostly differ iii whet her or not t hey

Ilerilit c oncurrent reads fromj. or concuirrenit writes to. a uiniiue IleIvIil\' locatioin. B v

~assnlli11gt that ililorv referelices take 1111il-Iimu(. the 1P- I. . mIilodels have Iieeti ii.,cd to

deteriiiine1 tie( asvliiptotic lulml lli timle of mlaY parallel al1gorit IIill..

W\e Sil'-est aliot 11cr Class (Ifsvilcllroliolis parallel models of comiputatloll (lefliedl ill termls

of at set of pr imiitivye o perationis that work oil arbitrarily long veclors of simlple values. We -

call these imodels, vector mlodlels. The models differ from 1P- RANI models bothl iii that

thex' are sinll"e instruct ion ut1(11iple data (SI NIL)) models, and in tha t there is n10 collcejpt

of a nenioy sha red aniong iiianiy processors;. Elemienits inl a vectIor COin IIin tte tll ron lia

plermutationi prfimitive rather than a shared memnory. As wvith the P-HAIM models, vector

niodels can be iused to analyze the asvxi Itotic -11inlin time of algorit huts. by assu imii g

tha1 t a et of prnimitlives take iii i-I/inc.

Siice vector Iiiotlels are SINI ), t hey can be eflicient ly niapped onito ai wider rangpe

of' arIllitect uris tdlai lP-PANI miiodels cati. .\s wvell as hbeinig iiullelet bWe (in stand~ard %

serial (iolllPilt ir.ii 
1
[ oll lilillip ill-,In ruict loll pmallel (omliiters, the IC ali lie ellicieiit lv

or -111)11t iled111liolil I~tlle iuilihilltW-. 'inli ;I, the ( oiiliict loll NMiilie ,lt(. Oil theothe1(

P -R . N1 ll' dek 11(, 111111 1d' 11i llm io l 11 111 1ple (1;1;1 0 11 11)) Ili dek Il(,.

;Ili-~~~~~~ ~ ~ ~ ~ ~ ljltilll d k. .. h ud I cml vd ltilt is pI c .ai o

S:") it4. 0].1 I Isild I iol'i pm el , ]ot wcc .-,I r kw br~id ra 1"' ofpl-cl c~k

;1Lef it 11: i \VP tk h(1'\( lt ,, ) m d ', I.ld t -l ll I I l lo,1



pe)Qifltlti4lt operations: anld scanl operations, at type Of i)refiX COHIJ) utation lv 13 71111-Ittn(

primtitives we mean thbat 1lc euir ie app1roxitnatelv alt equivalent dunration of' t iine. when
executed oil eq(jual Ic let t e \Qt or-.

Ini this pa per we describe several algorit bins based onl the scan-model. The first is an

a gor-ith1inl that cotistruc ts at k-I) trlee. A k-I) tree is a techrtiqune for splitting n points il itt ak

(1htii~ilinhl spalce ilitl)it regions each with 4 single p)oint. The k-I) tree teCltniiqmte is tIl.(i

il.- it sti ttt('f ill i ttg Ilittibe of' ap)plicationts rangilig from rertderiitg images to nitaciit)

1'ttig20]. WI' 1fl)It-. tile alpor-ititi wve describe takes 0all (cails to the 1) ri mit ItC.S

li~ng ecittr~ F Ilt I 010). Thtis algorithiin is optimial ill tite sentse that even if sintuhted

(111 4 14,11(11 lt . it will rmI i ilte ai ne ;tVlltotiC rtttiiiitg1 tintie a tite 1.10 ICt seIil

()~tlfit I hte IT-DI treE' ailgotit hut. we dc.25(tibe a two dinietisiottal closest-pair algorit Itit.

Ill the I wt) di(I(ItI clt~soe,, pair probleim we wantt to find tite pair of' pointis utithti

tin te lt~eihI v'tcli other ( Eticlideati (istaltce). Titis algorithmti is it ritlll v(tioit1

n dt;I It it titt (d lietitle~. antd Sltaios (9]. For n pohlits inl a two dimtentsional Spatce. mll.

l~t re~iirt>(1-11) ca;lls to tite pritititives usintg vectors of lentgtht 0(11).

I11( I lild alni ints a lite drawing- rout ine. Line drawinig is the probletn of: given1

i ptli id Imil ()iIt. t I wot dimtensiontal grid (thle two endpoints of a lite), dletermuine whtat
*0 i ~i ait li Ire.ol itat grid lie ott a Iinie hbetweent the en~dpoints. This routine requnires

01 al 1 t ill, piiities itiuig victors tit lnitger titan the number of poiitts inl the line.
I Ito il 1ii l IwltE' ,XIotttdetl to re(lei' ,olid objects [25].

I i hti 1,41I1t alg4ltil tin I i it of sighit algoritin. Givent a grid of altitudes and ant
,It~i \. iiiltil41 flt ito 1id. I lie algorit hut relurits tite pointts visible froml thle ulservattolt

PItlti. .A lilt( nf iig' IIhtIIlitiI cait he applied to hielp (lelertuulie where to locate potenitial

,I e~~l. \Yl desiginig; bltillt, lt ighwat, or at city uii , fe

\\I tod iI limn1)11we lo otn-ln.SIc'ill e ins. iett pttt t ieilte h

, iitN 1oll hI11 lilds whlich (11I I lit-t points lie oit tite periimeter of Ill slitalh'st

* I I Ii it I) It 1"i l jdiclcd Itilti I w I (ill w int11 had v. ilie IltIird ;tlgotiIit t 5l iti tll re

I; il i nIL 4>tu~t~ ll i. j Owmreticitlly optimial. Tiis algoritll IS
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11ectioli MIac hinie. Th ci~'iode we~ shlow ill the& tex t. xith Ii nl S~ii~sy tactic chIaniges is ,at ,,Ii code

tisedl to execuiite the algorit innis.

I'lie, remnai nder of this pitpe is organized as follows:

" WVe define the scani-mnodel ill terms of the priminitivye operations it s upjports.

" We initrod uce sonic powe-ftil techn iiquies biased onl the scan-mioilel. Thiese tchlniiqutes

al'e u1Sed extenisi vely ill tilie descipjtioni of' a Igorit ditlis.

* W~e dcr( i be the a Igoritlins.

2 The Scan-Model

The sca ii-iiiodel is dlefinied inl termls of at set of J)ri litiye operations t ha t operate on a rbitraily

lon g vectors of atoli iic val1utes. Il it vecltor we luneati a onle di iiewisional a rrav (anl ordered

set). Byv at oiiiic vallues wve titiati valties thlat (ain he represeinted iii O( Ig n) hits ill I li.k

pa per we nliv lise, iiteer> flbat ilg poi it iitiinhbers anid boolea it val lies. We asstiiime that al

p~rimiitives requiire aipiroximiatelY all eqtuivaleint dI ratioii of tiume whien operatiing oin equal

]lngth vectors. We call this miie "tmiiit tunle". To deteriiie tie( actutal itiiiii1ing tinlie of'

anr algoithmii t a paitictmai. ma( illfn we iweed to kowjm ](utit tho 11tiiiibl. of call~s to thle

liiitives and ilie leiigthI of' thle vetors ti-edl.

The scanl-ilodel has three classes of tinit-tiiie primitives: elelineutwise arit'lliuiet ic anid

logical operat ionis, jperfiiitatioii operalIiolis. aild scazi oper-at ions, at tYpe (if pa rail)( prefix

Elemintwise Primnitivecs

exhil"

(1 1 1 I' t 1 l w ,t . ,1 I ~ . l l I a ~ ik . I ~ o 11i i i o l o s l i t[~

0.1( 11" 11- lli 't . a l"' 11' I l" a, 1 p .), 111 1 c d i 111"t k 1) , I tit 1'111.11 , I,-]
.,X' lll llL m 'Jw r liV



A- [5 1 3 -1 :3 9 2 6]

B- [2 .5 3 .S 1 3 6 2]

A±+B ( 7 (6 1 12 41 12 8 S]
B 1 [10) 5 9 21 :1 27 12 12]

III additionl to III(. staliha rd elemoicitary op~erationIs, we ijtilde anl Operator select thall
takes one booleani arigjient llld tw othe) ir aIiiiit.Based oil tile bl)O li I' rgll 1411

the(- sefect fuinct ion wvill letuIirn cit er t Ilie firstI or 'Secofidl of' thle other two argn men I.

A . 1 3 1 ~3 9 2 6]

B [2 5 3 8 1 3 6 2]

F ~ [T F F F T T F T]

select( F. A. B3) [5 5 ~3 8 3 9 G' 6]

Pei'ilutatioll Primitives

T[i p ImIatnioh 1) il111t ye tatkces t wo \'(-t tlr al 1- 1 mnits ai dal a vccto,' anld an it ldcr I,(ctur

and jpcrilintl' (cac l e fIili inl thle data vector to the( location Specified ill I lie inidex .

pP \i(Il11'. For ('xaitIle:

Victor' IIndex - O 1 2 :3 -4 5 6G 7

k~inid(e vectmr) [2 .5 4 :3 1 6 7]

%.

pernmute( A. 1)i .' 1 r v

It1 ;i> ll err(,. fo III m 111; il 111 .ll le lltIl to have thle aicl lindex -- the jperllitation

I perm~ute prii1 % ir I' lii i it l f ;Il \ I (Im~ d4 dII ''filoil 11; l~ t a i te Sll-cr (( ,I ors.

1;1\1 ll': I I-'i11 14 1 .w i h "p c fo, i ll l- h o il

vcch. ;.A il (k 1! ,il- H ('tl lt it ( )It) e c v v v l e n

;I /I h , W~~h 11 k, o 1;111 , thll h"Y o n t p illiile Fo

Nt
bL %p~* 4 ! . ~ I P ~ , ~
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77. V,

Vector Index [0 1 2 3 4 5 6 7]

A (data Vector) 10 e InI I' r

D (defauilt vector) [f i. v ('

S (selection vector) [T F F T F F F F]

I (index vector) [2 5 4 :3 1 6j 7 0]

permute(A, 1, S, D) - [f r o mi]

Scani Primitives

The sca ii pro iiti ves execute a scan operation, sometimes called a. prefix conlI put t ionj.

oil a vector. T he scalt operation takes a binary associative operator -. and a vector

* ~~~[(d. Ul. a 10 ] of it eliienits anld ret urns the vector [u 0 ).. C 1 ,..r ~i]
lit this pa per wo will mnly u.,e plus, maximum, minimum, or anld and as operators for tlie

scanl primiltives. We will henceforth call these scani operations +-scan, max-scan, min-scan,

* or-scan and and-scan. Some examples:

A - [5 1 :3 4 3 9 2 6]

+-scan(A) - [5 (3 9 13 16 25 27 33]
max-scan(,A) - [5 .5 5 5 5 9 9 9]

Some readers miighrt be skeptical about considerinig the scan oiperationis as -unit-tinie"

p ri li i ies. O)u r j u."ti flation is straightf(orwa rd. Oil a serial macline, it is clear that thle

s~cani (iperati()ii using sii ph" operators suchI as + will be just as fast as the et her primitiVe.s:

all The prlmltives, will take (J0ir) tiwo' oil vecl,)rs of length 11. O)il a parallel mlachinle it is

rii lr h id to "I rv. Im i illI t I nv ii Ill l)1.1( tiCI. tll;it a (ircilit thast 'xeciut's the sc~klt

opoilil lr~ 4,11 he irilt wvjt I lo,. hardw(are anl w\ill riluli st as flast. or faster, thail a (ijlhlit

*hi lnnnl n.ai r;, (,' \liIi irlti ' Ir 11llc 11ineinlorv (sitch a real or wite call be lsed to

ilnipicliit hel( lirilnuta1l pniillilti\'n'. [li., ., argited li itiolre nletail ill [11]. AdmittedlY,

* ~Ilot ilte-~ a11 miIa ;i ,n a r nli iitke at l('ast. Ig, on Wml tulle. lut we are' only

-~ ~ ~ ari~2liin.! how tha 11w p i ilwill iv Itake nninuiin, the Salile aitianrilt of tile1 oil equall

l:1 i nle dsn l'ilI (il)f ;Ih!,nitinn. vo wvill u4tetl lnns'lv relel 1( vectors ill whlich each

nunliltliw ,11;! m w nnrr v;rll . Inm, n'xatiijle. \V will lIs' \4'(tfll iii l ilits; Ill

;t 1Ynn illl-r'Ir In d flnrn lnh Imili lI;i, 1lynn \;llile -. ;Ii x in ;11 / ce lror;e - ill vochq't

I,) I. ) I, U

%~' %,



ILcro~t't- thle three, polints (:3. 6). (-1, 5) and (9. 7). At the primitive suich it structure

vector would he i IIIpliiieiitod Wit h two vectors hut a higher level lanlguage could( supp)Iort t

rCCOBIr-Ilike vectors ill which each elenieuit has sonic, coistanlt number of values. .V

2.1 Seg-metts

Illiis ciion U dc ri hes a mlet hod1 that allows at p rogramnmer to take it vector routine' defined

towr ILl a ,iI,-Ic Sot ofI (alt~l anud thenl aplv it to uuuaiV sets inl parallel. For e'xamloIE it ft

we had a vector routine I ilt "ortvil at set of' valie". wve cotlid a~pply it to sort mlanly sets of,

daltal inl 0LrL'tI ( . it' WO' had at vector roiltille that, given en(1loiuits. (leterhtlineos the 1)iXeLI

oLIil I line. wecL cojill ap~plY It to) raw IliliLl liiLws itll~i paallel.

The ei cllile illvolv'-, Iividiiit a \cctor Inito segtiints and placing one set of data inl

('L('l ,,con~llt. 'Io keewp I r;LL k of hLow daitaL vector is scgillltedl. we associate, with tile

IltL vctor, it ~E(LI L-I -lpILLI. gm (IL( i -LI .. L'IiJptoT is itself it \('ctlor which I1:1S as., hi~liYdo

'LII( ll, I ii (dL Il.- FL, 'II I i "x;LIL LjiL':

1' :T 1 3 9 '2 %~

A - L 11 [( 3 4 3 91 (2 6]3f.

Ilinccfurt IL. tILL1(,LtL

*1 5i 1] [3 1~ 31 91 [2 6]~

I. sdlojit )I;) lid IJ' a ; I t I I of 'LtLo r Ill, &11 it \'E'L.tLLI ;ILoL' i, with Its .E9 L( (-(I '.CriIlor.

Im ('ELIL pL Ii il tI k' (L) I' I L ,o i-lL (I I1 woE LIou II(' il t j1(L egl i le ve'(Il \&l I ftlalt worL k., I hildc-

ILLILL~it \ (it 1I w'L II "2 I tI. I '2,iL'o I ~ILLLi ,EX~III' LII i.L'giiE'It'L oEIfiLL E I tho

x-": ' ill.l I'OL lLI 1 ' LE I,' I~ijiLI

i E I ' 'LI 'tl il, 1 .L' 1, il w ( i n, d 111 1L , I I d . I i ' III2 I..] ILIL, \ I u-LI Ld. L'E'LiL 'ltL >'f

LIE



A - 5 1] [3 4 3 9] [2 6] i

+-scan(A.) [ 5 61 [3 7 10 191 [2 N)

max-scan( A) [5 5] [3 1 41 9] [2 Gi]

permute(A4, BI) [1 5] [4 9 31 3] [2 6 1

Figure 1: Examples of the segmented versions of the primitive operations.

All the segmnen ted versions canl be Simulated with a siiiall constant niumber of calls to tlhe

unlseg-mented versions [10], but they are SO usefl'U that inl IMne ice the", mlight he ilniplemniented

directly. We wvill hentceforthi assume that thle segmented versions of the priniitives are

themlselves Primitives.

W~e niow returni t~o thle i nitial clai in of this ,ect iun: S

The Segmiettt Lemmiia: \Vithl a segyinomt ed versiow of all the jprimnlitives of (lie Scan-

model. wve canl apply any routine deli ned ini termns of those primitives to work onl a single

set of data, to multiple sets of daita independen tly andl in parallel. .

We won' t prov'e this lemmiia ini this pape1r, buit it shloId he inuitiv\e; a p roof is givenl

inl [10]. This lemmna allows great Simupli fica tion of the cod~e needled to descrLibe parallel

alao ri t I i ius.

3 Sonic, Simple Operations

Ilili ti, ocPtioll we (h'c-Cibe) several us~eful. Simple opuerationus that (.ali he inipleuented with
it "Iidh cmitaiut miuumuuher of, call., to tlie priiiitive opjerautions [11]. As with the seginented

~ of ii ;niuiiv . 11w,('. (qwrtatiolis' are 1useflul euuouugh i t at Iuc hey uuit themlselves

d r~~ ip 1 * itiii 1o ill peuliited direemley.

distribute ('I//I h~ og/I.,

lie distribute (rdlaO Ia l itks it N IoL of' vlwu(s amnd ii vect or of k( 07111. amid (list I iblj e.,

eachm kali' 11ii asegmlent of Iemliot Ii 51)eiilh b I~ s lo examuiiI:

1 2]

distribute' . T T [31 t 3:1 S18

%
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A "ililill o~ratollwiclirst ;li"C~ed Iy B tclter [6] - ie called it an irregllir sr e~d

Ilfg.

index 1b milh.,

'Ill(' index operal ionl t nkes a vector of' h otf is, creates a segment for eachl leuigi Ii. a i

index1 L. ', 1 J 1 2 ;3 [0 1]

element clti Inin (-

Thue element operai ioll ta kes a sec'uneitted vector rallies, and a vector of indics wvithI olie 5

clet ielut per se-mi tlt. Each in ldex z* is used to extract the ith element fronm the correspondt fill-,

A [,5 1] [3 -1 3 9] [2 6]

1[0 2 1]

.reduce ttll(s

Tll (2 iw pmI l oll.-,~i jl itles a soe" ted vet torof culucs and comnbines all thle cleiteuit

ill eacht~ ol-en'i ttt ono' of' five bi~itrv ()plelators: -4.maximum, minimum, or otr and. It

let llls. al \'(tol. with at s lnlV cleo itis ats 'sglletlits.

Somet Exam ple.-: -

[5 1 [3 .1 3 9] [2 (6]

-1 -red!Uce1 .\ )H

fnax-reduce1 A\ 5 f2[ )9

appetnd ici/ti .- I 1 I/jO

0'' 01'' ait (d [(12 0/ 1121]

appeiid, A\. 1; 1 l ~ lilp; bll] i( f) 0i '1 [ 2 )2 /),1

%p
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pack cuou-s jlugy,

Thle pack olperatioil takes a .segmienited vector of* calu( s. and1( a ,egineitted huo, -it I,

of Jlays. anid packs all thle eleinents withI a T lint theliii g Into conlsecuive eleinent ., delIi

vlemit- withI an F ini their fliag. F-or example:

A [.5 1] L: 4 1 9] [2 61[

F T F] lT F F T] T T[

*pack('A. 1- ) j- :; 1  K) p K
A 11tla uperiitoIl wa.s li1.t s1u1goested Iv Hadtche(r lie called it ani iri-tgilai comii)1,

split 1./1(.,fml.

J It(' split operatimn tkes a segmlenitedl vector of' ('(i/, and a segmnented l)oolean1vetn

.r,'(. ofloq.l ;uild packs.- all t he eleitionts wit It an F in their flag, to the hot tomi of' ('alu segin)('it

;111nd v1,iiiT, W\itl I~ T lint Ili Ilag- to the oy (if each segineiitl. It also split."ec i'w-rIIw1;1

III tI at tIle boimnidarvY l)t wen I Iiw T and F elvienits. F'oir e2xample:

A [-5 1] [34 4 :3 9] [2 61

F: = T F] fT F F Ti [T T,

splIt( A. I [1 1.[1 3] [34 f) [ [2 GK

- \'' In li' a delete-split opra,;tinI which is the ,ailw as split hilt del-t'> ." ii pt v1p

I T F1 [T F F T[ f[T T

delete-split( A. 1 z= 1 [51 [14 3]f [ 1 [2 G]

rank-split :u,;,/. /7I!''

I h-- rank-spl t n)pi l it i, -im;i~ II w split np-rlatimn tfxcflt t ;it the/IiA glii

hil2 lw (l " I () .4llp

I F T F F T T T]
r'llikSp~I. A.

%~l.s4t \ 'i i I i
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N'eY [-1 2 1 5 3 2]
1,i vot5

l\(' > Pivot [F T F F T F T F]

delete-split = 'I 2 1 3 21 [7 5 71

Pivot \ 111ie 3

h11ex > Pivot ~ T F F T F] [T F T1

delete-split r.) 1 2' 1 31 ~ 7]

1'.ev > Pivot ]T F T] [T F) [T] [T T)

delete-split Ir I o 3] [4 [5] [7 7[

Yi-ure 2: An example of parallel Quicksort. Each pivot is picked at random from within a

segment.

Ili his, exaiiijii. tite F Ihiiit ofIIlie second~ segmnent starts with thle ijidices I anjd 3:

ikw remiuiihered to (I illid L o IhmiicY it., present a valid index set for thle niew segmnit

itild Iai Iitaill t.he silinie orler. Thle rank-split operat ion is used to udlate pointe;f22 whenl

Perlorin inig a split 0] erllonl.

3.1 ReCcuuSi-Ve SplitizIg

Tile segnient a h).tl rIcict Iond, thle purimiit ives we (escribed allow simle definitionls of
recurlsive routilies t lintstir withi o011 (I of valuies. slit this set into subs)ets anld reciur-

sivelY solve the plohl,If (Iiec silli,et. \\' will call thlis technlique 'rin rsiuc( ,JsPlig. A,~

;II f'XaI 1)10 (1[I 1,1II ;I t, I'lIli 1 w. r I 1i1nlol 1 Ihe lollioviug 1l ;111(1 veo. oll of' QujicksoumIt A,.

xxii tie >lial Kitli~ Irei!2lil1111 ok If ul ie e -a> ) pvol vallin. pjlits tl

I -Y I-11t' 1%h ( " M , I>i 1( , 1 1 ( I" w l i " " .1 l d; 1d t i

()iif'hthl. ai ke\ I,,1 a(rr ;e, thI Inw p iivoft using Hie delete-split operltoui1.liiih

f-i l tihat OwIrl" i I pnl 1111 f I I 111 f\ %i-i, raiclomr opfrijflin whIich iin cali elicti t~ikts iii iiktlcgt

I, bh dc-ete-split ()I" rail tir iiisi,;i ol Ili(- qplit operatlrlI so) thaft w( leve(r hlave- w~ore 'f-guicll-

'S

r IM I
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alg9oiitliin is now applied recuisivelv lo the resuilt. W\heni tihe inmbers withini all segmnt are

ill li0on decreasinig order, we retn i and iilergv- thle split sets. As wi th the serial algorit Iiin,

this ahgor-itIi ni is explieted to c'Gil olte ill (Ig i) Steps'. III thle scanl-molO(C, each stcp

requires a smai~ll conistant niumbher of op~eratLin.

The couhe needed to inmpleinent (j owksort in lie sca-iicidel is as follows:

define quicksoirt(kcys){

if-aity (shift- left( keys) < keys,,;

then pivots ,element( keys, random( Iength( keys)))

quicksort(delete-sphit( keys. (distribute( pivots. Iength( keys)) keys)));

else keys}

This general recursive splittinga techn riq ue can.1 he US((l ill most d ividle andl coniquier algo-

n liis. III this paper we- will iie it ill Olie k-I) tree algori t ini disc ussed inI Section -4. the

quickliiill auilt hii di-cu,,sed in Section *.I anld the hbiiiirY t lee search mitliod discissed

inl Sectionl 9.

3.2 Allocationii

Aniiot lusful technique is ltocmtiiui. \lanv pyohl., require l', allocationl of a seo of'
celikieits that Canl thieii he opera ted onl ini parallel. For examtple consider a line drawing

alg-onithim that takes as input two endponits. calculates the length iti pixels of the line.%
anmd thlen allocates al ii leilenit for eachI pixel so t ha t it calli calc ulat e thle pixel positions

In parallel ( this is ani outIi ile of ie~ algi uithm we discu; minsi Sect ion 6i), Also assumle that
several lines need to lbe driawn iii parallel.

Such allocationl Is t i il v.IIII till. oialimiis we (hefillei HIi S'(tioii 3t. 11f XVe have anll

lit ~ ~ ~ ~ ~ ~ l lii (I). Ii V' ic ch l''iii11sii 5 i'(1if". 11(m. i1i,1i1% nII\% hi(~itmims It liviedI. we calil

ii ti ll vetI dRI1 ill Ihc litri~ t Jm n e jl ii i i ( il l u e t e c e s h

appr lpli'l '.1Y i/ .d Ilch ;11( ';11lt~l i, ll''d il IIw ill d ra k I g I o ile d ."c ib-

.12.
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4 Building a k-D Tree

A k-) Bii'Ce is teCliijIIQ orl sjilit t im, n it piii. iii a k ilimeiisioitl ,pace into() U re-2i'iI5 eachI

i~tl a sing-le jtoiiit [si. It starits Lby Sjlitllig tile Space ill two along Oii(' of the' (lliiii0i1iis

ii~ing a k.- I diiiieititil planle. It t ll'ie re('il-sjvelY splits eacli ofi thle stlitcv.s ill I\%(.

'I ie( k-I) I ice is~ itl ui .','l ;t, iji ili (iote algorithinis. 3-1) trees are used ill raY

raci ng ailg-oritliii for rt'iidl-rit hg-ilidI objecls. Ill such algioritliills, ob~jects need onlly be

stored In til l e ilII(\ eite adrylie l xminei regions they crusts,. This

cail greaiv redlce I lie numbeihr if olijocts olch r-a% tieels to exainle. k-I) trees aie also

lii~wd ill iilii\ proXiiuit ;l',oritliius suich as tile all closest pairs prolblenm [151 or- thle closest

pair p~roblleiii ilisciis.'il Iii itxt 5(1111)11. k-I) Ir(' haiive also h)ee(It Sligoestedl for iis(' ill soimio

[le algol-rill we .lcsiiila' l~it' Is a parallel x'or-ioii of ai standlard se'rial algcuril Ii i [223.

hr1 it polints, (Jiur ulgoui liutae ()(k Ig n) cllls to tile piintives onl vector-s of Icuugili it.

Tlu> aJjoli; liuli ijot -; ili lie -ius'' hlat even if' simulated oili a serial iuachliu. it will

limii I lie sati Sicl as.iliptic Iiiiiiiiig lime as t lie hest serial algor-ithml.

hi aiv Ic-I is ulgit li whenl splitting" a splice. one( iluilt is selced as the( split

Imiuit. uiil thlis poinit inl placed ill nieithier side it is liSe(I to dhividle the two sides. fin our

agrthuuil wh.]enl sliliti ig at spaut' . we pl~ace all poiits ill one of the two side~s -- we assumiie

t' split line lies hallf %\-t.\ betwe ilie points on) eithieir side of thle split. For' this reasoii.

I lit lorlit hiuii iiiiilit be muore ;tplrlirii~ttlY called it A-l) splittliig rathi(r thian a A-I) tree.

a () iii~Ou algor-it Liii Consists, oif oile, step per spi EIach Istep reqiires ()( k) calls toi thle

lirimiitives. Before executinig any s;teps. the ai gorithIiin sorts thle set of pints accordintg

Iu each of ilie k (liiiiou, is. [Ilii' ,otiji-g cani he ex ctited \\-lilti(h Qiiicksort iulgoiit Inni

(1i1iv"( a liii., anll kiuii awlgoilui discllsodil I 11> or aI version of'

( I sil nc ili~tritlii [2>litta ; ()F ktcptiii Il' :Il n xulii.'s ill soted oit for &acli
% ~ ~ ~ ~ vs loyt I Ito [; uk (d, (,;t( 11iiuiiit, uihtug (clh illucil ioui. Ii.' raIlk of it jioiuutI is-

I ~ i a Iii l i 1 v11 i It 1(; ;[1,d ;11 if I Ilic e c w weou i \ 't oilled(. W\e caiIIlil th e c itr

,litv- iii 'x;tiiilt lfoi ii 21? ) lice. Ill- iiitiil ann-t /o..uud thle restilt of' thei first slop.

%At au 4tp ()F 111w Iit mi lki u~I-1-1t fl.t. wIll ct)~iiitait a ogiuuont forcucisntpuc'

t~~~ V .I%- I. *-PV.%
N ~ ~~ d~~ N ~*~ ** -. ,I* ~ - . *
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point =[a b c di e f g h ij k Imrniio p]

x-rank =[0 615 10724 12 14 813 3 1511 9)

v-rank =[13 74 3 15 6110 9 814 110 25 12]

above-split-line? [F F T T F F F T T T T F F F T TJ

rank-split x-rank =[0 6 7 2 4 3 1 51 [7 2 4 6 0 5 3 11]

rank-split-rank =[6 37 25 0 411 (21 0 54 7 36]

Figure 3: An example of a 2-D tree. The top diagram shows the finial splitting. The vectors

below are generated during the first step -when splitting along the line L,.



andt the ranks wvithin each seginent, will be tIme, correct ranks for- that subspace. It suffices

to demionstrate that we call execute a split along any dirnensi on and generate new rankL

withlin thle two su bspaces. T1he algorithm is then correct by induction.

lTO Split along a given dIimennsion the algorit lini distributes tile cut line and (leteriles

loi eachL point whet her it is above 01r below th lie3e. The algorithmn nowV uses thle rank-split

operation defined in Section 3 to split each rank-vector based on whether a point is below or

above tie(- split linie. The rank-split op~erationt as defined correctly generates the rank within

eicli subspace. Each step therefore requnires 0(k) calls to the primitives: soimie op~erations

to deterinle whet her each point is below or above thle split, and k rank-split operatiolis.

Sinlce there are 0( Ig it) steps. tie whole algorit hun reqluires 0 (k Ig n) calls to the primitive.

Ili the( closest-pair algorit tim discussed next it is useful to keep the rank-vectors for all

lie steps. This \V ill requirme t hat wve store k Ig it vectors of leng-th 71.

5 Closest Pair

Ilii a two dimnisionl closest p~air p)roblemu we wvant to fund thle pair of points in a phailie t hat

;1,,closest to eachI othlier ( L'uctideani distance), The algorithm we describe is a pa~rallel ver-

ionl of aim algorithil di esc rib~ed by Bentley and Slhamnos in [9]. For n p)oints, it requires 0 (Ig it
d c~alls toll t( li-vsctr flnth 0( i). This algorithmn reqluires 0(n ig it) it 1-

ory (0(1-11u) vect ors of leigt h 0( it)) but canl be modified to run with 0( Ig n g Igni) calls

- ~toJ thte p~rimitivyes usming 0 (n) inimorv. At allah and Goodrich have shown aii 0(Ilg IgIgnu

time 0(n1) p~rocessor algorit tim to solve thte closest pair problemn in the concurrent read

exclusive wvrite (('II L ) P-B AM model0.

0111r algorithiii Consists of buiitliinig the 2-D t roe as dlefiined in thle previous section 9. aiild

tien iierginig rectanmgles back to thle original region. Given two adjacent rectangles a nd(

thiir Closest pairs. a iiierge steop canl determi no thle closest pair of the merged rectangle wit It

al coml.t ant imniuimtwr of calls to t lie primiitives. Becauise of segmuemts, we caii merge many

p~ls of' ic a igles ill pa ra lel.

Siuico \ve have already i'fuinmid hiow to build the 2-I) splittinmg, we wVill oinly describe ilie

inil m phtliv' T'I Wimi~mg\orks ol I lie s;ilitm piriiiciple ilS descibed~i iil [9]. We will firstl

Ihnmu'tliw prhnaiimtiu ;1 in tiel sihow'- fliw Iti li impiteiii2,li I? l ~ill'saIloe.W v

A. ,ilc c lii. tile iI lmIh foi (Ilooiig I ctit hule Nvihl depeind oim ihie particuilar use of tile k-i) tice.

Ill this ugurillm mmit does nomt limailet nm what Oid tei pi( ek tile dilicmmsioiis - ill fact, wecould( alwmkvs

14 1.1V'%



-~**--4-Merge

Line

A I B

1=- !J

's qll

'1 I6I

AB'

Figure 4: Merging two rectangles to determine closest pair. Only 12 points can fit in the

26nnx 2,77 dashed box such that no two points in either A or B are closer than 6,W,

At each merging step), wve know the closest pair w.ithin each of a pair of merginig rect i-

glIes A and 13 and wvant to find1( thle closest pair inl the rec tangle A U Bi. The closest pair will

either be the pair in A, the paiir inl 13. or at pair wvith onle Point ill .4 anii the( other inl Ii. Ill

the last case, thle two (lid points mtnit cach Iilie Wiittn iiin llill (A,6H1(if thle h)londar\

bet wei lhe two recta nglecs. \Ve will cili t his regiolil 1'( see Figure .1).

If we look at a point 1) inl A /3, no(. more I haii 11I other poiniits inl A H3 canl he less t ha ii

away ifromn /) Figure I shows thle tightv st posible packin1g. If we havye the( poi its Ii :1Ii

sortedh alonlg the mler-ge flne, eitCh piliit call (letelilille the liiiiliilildstani(ce to aiiotlier

point Iii .Al1' by hooking at ai fixed iiiber. of nevighbors inl the sor-ted order ( at mlost I I

() ice all poll't, Ill AB13 have found t heir, closest iieighlioi it[ :111. we take lie miimum of'(I

t IIeseo dl-Istiicos. to flind .t'ai'd th[ li ca~liilato ti(' (lesirecl r~e~iihi: ( .~JHz fil,,, ~t
We 110w Show how this techiquje is applied inl the bCIli-lI~dIO. 'Ihe iui0er1e Cons1ists of

tlit( fdoowing stops (vili loq(jiil(s ai ('oralIiitiliiilbi of caIlls; to I e plimiitives):

I. Derive tlw( v(ctor- of poiiiL, Ill A _ 1H "ori~dloolig the dhrilii of tho ' .plit 1hi1. I oa

go,(t thuis vector. w.e nee()'tIll.\ km''j Ii itj) ~iit"' ip r r iator li-v(l't . W lili e 0151(

r elwiih l.11.1 \ lc l illd li ,; 1- ) wo lild (h " ll'd ol or f,!il

%1
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2. lDetriie b%,~,, l akii~lii iioiniulll of .il ad Dii* liite ~,.,to all pouint'

31. 1itck elciiwit., \vl It are within of thle inerge line using the pack ope~ration iltl

1. ShIll thli, \i'o tor I 111o light anid caIlulte thed(istailce fioin each point. to its ileiglihor.

fh~o~lii>'~ t1liP tO(i ? 1110 I SiX lligll)OlIS CMl ('iChl Side.

I hi erilliici' bLv taking- the in llu distance found in the previous step usinig it

min-red uce. Take lte iiiitim of mu. and 6 AB' to get 6AB*

The lgomilli will I-til ill O(lg n) tiluec b~ecause the k-D splitting runs in O(lg u) tilme

;11lI lio are( (Io 11 ilierge steps which. ats shown, each step requires constant tile.

11,111.00"1 1/0 n .n'q eyed to .-dtori the rik-vectors d uring thle 2-1.) tree is a pioleuoin

(;ill derive 11w suite d vector for A1U H. on tli' l 1) __nirin, the soile v'(ct lr of' A and

H. hi, llo)1 lo 1 1 tiilm&'01aldwl thierefor'e inicrease thle runniing tunei
ol he \ hol ilgo it il I(' ( p 1 1 1"11). llt le(onlusllion we Ineoiitiori that I liItb

r'd~ilaileto coii.-ide'i the liewrge operatioli a,, a uiiit-tiie primlitive of a vector miodel. If

\ 11 h a itiv( pflj~ite., tlw ak'-ovilii l Ii ru ill ((' 11) calls to the primitives \\itli

6 Line Drawing

Ivo itiiius inl hu draIwing' i' ile jiholdill of giveli a pail ol points onl a two dimlenlsionial

gI'd I(he Iwo ('lid pi ilit oif ;I hm- 1. dctiiiui lie wlia t pixeil, inl ai fi lte resolution grid lie Onl

;l lill hit \vn ile i'idpiiint.s. Lhwj dr;iiig 1 ilsi'( i'xti'iiivvlv il, p rac tice ill generating

4Cjl w Iiu a~ 4-jiieia1lv ill co iiIIIi lI ;idihli (li'ji2li I. ll Iiii. soc1lioll wve (licrihe a very

iliii i'l" i ilia - i.iiiiwl ii t~w .illw set of poix' s its do4s the slillple (iilill

I ) )A i;1 1'chliqlo Il'.'I e r il w I .esi '1I 11 *.I. altw ili

t, lw I e l i - i N -I 1 1 t ( I Ito 1 11 *11 -III I f l.id I o -w IIaa i

lic a i l .1 of the 14int11. 1-I lo .14,Illte' 1114 ini11hi'i of piwl Il ai hle auiil allocatie

N
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1 2 3 4 5 6 7 sw

(1 I ,p,2 (6 .2 )

length Iline-Ilength(7)1 , 7) 5 .

A increment(p1 , 1)_,. length) (1, .2)

Pixels= length + I (i

ndex( pixels) (1 2 3 .1 3r

distribute(jp1. I)iXels,) =[1) (1) (11) (1) (.) (.1)
distribute(--%, pixels) 1. l.2 ~ 1 , .2) (1. .2) (1. .2) (1. .2) (1. .2)]

final-position(pi, A. ind~ex) = [I ) (.1 3 ) (.I 5 ) (3 )

Fl'giro 5: An example of parallel line drawing.S
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C;II I i I ~.2I It, 4 -i II I 1 p, I I)I4 114 t I ~ I .!- I I F i I I I .-) 1 fu11 I ('4 ;III oxa'ii' II l IIi 14 1 '4 - I

T Iw (' i I 144 4 I4 I, fI:I 14i I II w k:

define line-length, 1); .~ 1) maximumr( (p2. x pl x, ('p.).y PI -Y)

dlefine increnment4 pi . I cligi114)

N X2 P'I *N j j (JI It:

define final-p ositionf ,ui. 2 . II(ex ) 5

x p1 .x +- IoliIII(hidtvx .X I:

y o>+ roull(il(le X A.Y V

define line-draw(pm. p2)j
legt - line-lengthl(]I p.)):

incremient( It, p l'i., U

flinal-positi(dilstribuite pjj)i42 distrbute{ N. pixcl,). index( pixok .

TI I, 11 ne- len ct 1111'1' 1 1 (I li' I i, ' I i~~ 14 10 41 4 (111w' hI I. T1I14) i n crement Iou tIiIle c: ( ii I4

t it" X 111:41 .\ !It( w4lll 1wiwoc14 ii~h(I1 t it ixel, iii Sltit liiw4. T1he final-position routline

(.Il( l1ate' III' p l' j444,ili(4I (4114 po4il15 2I\(ivci (4114 4'iIlIint ofth I[' . I11( N and Y illc14'IiviQ1S

'I1w I' le-drawv IIl Hitii o Il-4 1w distribUte 4 144I;it Iio 411,t rib)IS i 11114 Sand Ihei(It'1I4'Iw

N) 4\4' L14'-I'1I2S I I 411111 ' . ;11ii e the'- I 4 index ol44'1;IS 1441 14 iS.'114'I14 4 it '41 44

IS.w W'. Iwc vI4(11 hccI'~ \w i 414 1

7Lin~e of' Sig-ht

.1 (4 14( " 'I. Il 1441 )1~i14l' 4114 illl (.;4'~1 11 44 1w 1 '1' ppl 444I(I' 14 11114 '.-
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Fig ire 6i: An example of a line of sight problem. The X marks the observation point. Thle
numbers represent the altitude of each contour line The elements visible from the observation

* point are shaded,
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l'4i1.11  /il L. ' 1 1
j4' (0, -11 1 14 j 1( 4144i44 4 4444'4 li \(14 4: 4V'42

11illt III fw-I-Ih X III. l4t 4>I al))t141f n III ]I( f w4p o X .I

i~xlihI hY41. /1I i.'4.1 uliw;011' 1144v \overll 4141214 1
4'W4II 1l l'dZ41 11144

2.' 14 4;1t41 Ifi of 4)a.'('4 o l ii for each bo114 . 4'-111 ,(i li ;Ii'

2. 1 I 42/4] I EI l .4 44('I 2 4 41 I I ili p IIIIII(' fgr lo~4 ;il 14)4 41dw4 4 414 L,

;L III ; 4. 4 v '- il 4111 (.;III th (4Ill "/'4 1411

h-4 41411 4 Il., ;114'11e, ll it prC~ it ill 11441' - ' II 1 i t 11 l ' 1 4414144 II,1

ill ;II 1 IY v-1111 W ll ,lll ,,(... nii l max-scan. andf a c4314114ri544 .

0 . \'i~ibilitY il44b14411 4)44o is relilned back to the grid points . .Since ;4 giifl pint (414 hv,

:I I444>ili444ll 111 414 lllall the visibiljtY flags l-re comflli1('4 u1si1ng or.

4414'' >tep,4 I ;iii(1 3 htould be clear. an(d step 4 is basically 1144 reverse14 (If ste'1 )2. wv

I14> 444 >I(11) 2. "1',) ;ilo1414744 144e ri!Jy .sh tI'CII tile alg(14'I I II I (I rl w> it 1144 fini 1144' I

d-4 \.444 14411 P( I n 1 ich h 1I441144I v i'letivl 4 Ii lSilig, tile' r'outine dicI>'1 ill c41 loll 6. L:tl'

'2'.4 144:11 44I'l4 II'l444'1()>'''4L 1 of 4>4 laYS( (pt vs ll lil X A will b141142 I 1114 '1 44

' I[ p44'. :, ,I I4 I14 l 4 L j ' I II I l -.44i141 I1e' I iii' a1414441;' 1444 4 1 d p l Ii r'( :14 1 It- I.\ it

4. 1' L!244,41144 I4't44',l 4L4
4 l tlmllwl11'4 4'144 %144414444 Illl( Ii'' cly/4,fl .'IL444144

4'1 -f l ( I I . Il i 1 p

111 4 ' ~ " 44 :' p.J4 4 1444 I'), Ii.r I -. hel (d -';1%4444 444 '1 w4)4 l 4!' 'Il ( Ill,, 4 ~ I

14444 41'' I ill4'tlyl44i4'4h, l.j ill III( 14 ' c14 ipy ,144 I T11 pIl l I-liolo ll
4- 444! I j.- 4'~I44L1' I~ 1"m'l '44 444'to 4i-1w i l 144'11 distribute 444' 14 wd4I4."( I

I - ' . pp i -' 14 11 'I L' 1L1'.11 .44 (4 d V. 11'4 144' 1111 aj ok a c-Il p-4411444 illL4. 144''4l41 144 '\4 4414'e

ti-~ ~ ~ ~ ~ ~~~~~~~~1( 4il'41'2 Il-I I'4 It 144' 1114  Ill \.;1 Pill~ ki L4 h)~41' 114.'14 ' 141'I 144 I'd

'4444 ~ 1' I,. 4I'4'41,14 ~ III 1--~ 1 11:4 1 444 11y j4 fI4:II4 I4'I 144 ~wli 1144'l I..4



It I-edices usiut.g all or-reduce. A:t coiploilon, all poit, visilej fromu iIV ray ill, iiar1k.'d

* tie Iliioe t vectors requited( by\ the alg~irithl~ll %kill b~e tl( II) tC1w> of ill fo(1j\'lly tld 11

* ~st ili tull'S. It is nt 11111( to Show4. that firf a ii %,/I I~'d . iltd(1e 1 ) e n~lt of th lot Ioe tioli of

X. t he.' vec tors wvill 1111 e len-1g2n

8 Convex Hull

114l( plihllilr 1col(,l4x hull jpl (Jll4' i I: nlcl 71 ) i ll Il' jpld 14. Ii in i II) 4 %Il~ i >oi j)l

* ~ ~ i i C i'. (' u perl4iehC'1 of' It h al' 1;1it C(IIC 1( 1>41, ll(CJ t l o1ll ill- a(il jipa~oli' I heolIojt [V.

* 1both b4'cillse it I., a p1lj1'jr~dblcm. making' it vilsy to stildy, all)!, becaui~e it hias lillllv

* applications11 - aplicititolls range froull collilj~liter graphIics [1 1] to ->Ialti.tics [17].

Ill1 this >ectiol we do.sCl-lbe thiiee 5ca11-n10od4. ba1s(d algoritliuiis for (I4tellfll hg 1 If ' (441l\'x

111111 of, a -''t of' j4JlT> hep fir-U, tv~o. a lmir;illitl Qiiickhill [22] ilgli lI1a]. parallel

- ~Jarvi, iiiareli al-oritiiui hIS.2]. art, very sn plie and likely to jo'rfoini well lil prac11(o b4 ill

1110 114)1 ploVilh~y (ptilll.~l The4 thd 1111alg44itill, s I 11010 Comlpicated itild i1ljpriicticaI bill

-. i f'l ,h i- calhv opjtillial. 'Ilie alhgoritl1 is ba~sed' il 11 t parll(. l g -11112.4i dci 4-.i4'Iod for1 the4

0 lt(ki11 1,0111 read 4'\C1I1-.1v4-I\%j0 e w ( I' 1.I)PP-IfRVA Mlmodel [1I.I,.

8.1 QtUickliuhil

1[Ili 1"llul apaorit I11111 vi. ji of tI 4e QIc11tllt a t hool 2.1jll[22j t h Q (l i t I-d 1 1 I Ie ploivt: am1

'4 I-. t i I" 11' Wi 0'4lI ofl djl IsiI'i tO '11 1,i ti v >w i t h ets. ( l- I li(, ke r i sor ft. i kc ( J ih ti ('l'll0n i

(Ii c l) ki '11 i 1,t l I I li~ pit: k, a. pl I ot eli el I4 ii at po 4'jsp itsthe & a h~ w )fIlo'1 (1s

I, 11 t l, tIc tIs >v l a 1) lht id to ea c~ 11 f jIl' pli f ,,ts jl l iii If .,q 1i' k14Ig441i1 Ill ] fi. ltwl tI n-

4to 11 2 ..I;. I ' d Io -,p I... I444 I i t-l , I 41 o 4,' %I111 i tll he 1.11( <11 4 14 li I rat f)ofs I 11; I-l i tli,

I d w' 1 41 . ( I- 4.114 yi i( 4,l mil l,4'u \11 Ii . Th 4144-s 1 1,,u li iI ilt l

v. ; I 1 11 , I l I p't lw tw o' l I I h4-4

11[1 1 h , 1 w ed \k t 1 1 i "I ;, 'i ( 1,1111 1114 (O w'

% .,
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A 13 J 0 P'N C
i lia ,',: AA example of the Quick Hull algorithm. Each vector shows one step of tihe algorithm.

Sm(.1 arid P'are the tvvo.: extrema, the line .1' is the original split line. .J and N\ are tihe

SSnc
-A,

. farthest points in each subspace from .11' and are therefore used for the next level of splits.

,%

,, The values Outside the brackets are hull points that have already been found.
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a pJack , I j~lit LL I /t 1 If( )W If,, oI t, I itIII Iil I~)II t WI.Il S(-tl2J[Ii~t lI.m'. l ( I \ wI1I It

* (~;1,LI1iI. m 111h1h pointl', f1142 itigori1 Iiii riill O( Ig m) slteps for well 111 sril)iit((dI hiil

S. Jarvis M-,xvCh

lii i'11 4.L~l4l 421iUl o 114. JWvI>Ibchl al-ori' N111 A, witll III(' 511 iii] \CIri(41. it wvill

%(ilk v\YeII when'l I Ii , ;110 )Ill .\ few ()!I~> 4 lit(')[in11. >.Il~lt 144. %WII II1142 (4u11V\X l11ul l > it

I' I

I;A . i mjx-rediice.

8.3 it) M\er ie I tllI

W , 11,1 11!11 till, 1\ I 14 141.1 I ho. ;114 lilit 44]44'11l 1 pcm i41

I h,11 411 W l ! . II 1 1 1' ( , 1 1 l m II w tlt

11114 :'44i I., 1/41 .1>4] ]iI1 llI4',Ii14Ito >441) 11).v :4i\t' dul isrbt 4'TI41.1(1 Ii Ii'

I thi iw-A-cc I --.-f

I, It, It to I -Ai .-
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B C)I
F

A I E I

I NI

Bridges: -- -

d,

Ilgiie 9: An example of the \15-i merge hull algorithm. The horizontal dashed lines show the

division of the points Into \/ia groups of %\'7 elements each. The subhulls within each group are

marked with solid lines. The upper chain is the chain A B J 0 P.

iii 'r2- the \/T7slhll (,ek- I'gun' 9). 'Ihel .sort and the 1lierp'e bofli take O(lg ?I) timie" 0 .

itmo rilinin 4tiniii ()iI lhe algoriit 1mm t hus lmi, ilie recur-rence relation T'( 11) = 7'( \/?-I) + k Igni

wilich vc Is (-11) tinew.

Sm ice the eleilenis Can he sor-teil using existing algorit bins we will conceit rite onl the

lil 2, Il Step. Th liorpo1 i., ('C1itld ill I \O 1piIl5 Oi finds thle iupper chain of the convex

11ull anid anlother. finids tile loweor chain. Thef( upper chain is the section of the couvex hull

tI;1w 11m1s;cre liC tilli hal \ln I die 1 .%f x I6, ;. fiit Ilie CREHW a Igorit Ii i tile 1 11 ge

Thealmitmi ;i~iIlli cloimmi a; liinu>-.uui) Im a Ich air- (f smlnul.Since there

11, -, wI1II!- ' 1 16 11k l5 l ;Iii 1.il l i lmil of ()vellmma r>

21. [hisn ii!I \l. ivmvh'mci i'ia i 1wi'tve I ho twin SilIhitills. anld

IIIne t1ppo mh~i lmiIii-llivq hm hummmh. Ilw ;mlI''lmiml ltirimimies thme briidges

.%[1 I~ ii. li lo ' - t .m in o st, (o h1ilt. i'. tle III[, thait t ss iHiloigh al least oii2 I'Dni

fh~l A l I 1- iff Ill fit W . 1, I" I'm it, h m



tihe nljJj)Cr TOul lilt11([ Whlilch (f the tippetlaIiiigeiit lilis aire hritige., eat li suhlittill flidl

tile liigiu'I Sloped Ilie InI both directions.' ( 1i a oilit oil1 the lighlt and1( to aint)011 ()Ii111i

left)}. If thle joint foriiued by huese liues 16 con vex, tlhen both fiines are bridges. If thle joinit

formled bv thle lilies is conicave, neit her are hridges. All edges onl a sn lihull that lie betw'e(-iI

bridg-es of that SIhbILII ailso15( bI)Cii' to thle (OilW vex ull.

This algorithmn cannot b~e imlpleliilied dhir'c tly onI thle scaiu-uIiodel si lice cach ai r of'

SUblinills iiidependentlY finds the( upper tangeiit-iie megilelits tisilig thle algorithinn of O)ver-

mlars. and wvill thlerefore require conc urrenit reaids: several lairs15 whi ile executiing the hi Ia lV

seaicli. xiii require access t4o t ie( sa1114' eleeits. ITo avoli1 Ilie coletirrentl read. we pl1ae

each of tit(, sets of %\/7 Itoilits Ithat ho'loil" to I lic saui,' sliblitill ill its ()\vii m-gili4'it. WVe thlzei

use a geiieral biinary search met hod des'cribed ill titlie next section to eXeciite the bilnarY

search. This search wvill require WIT /0 )tlile.

Ouir var~itioni of the CREWL\\ algoIIIIIII rillis with the4 s'llic 11' 1o iiiiitti (4 C;lii> to4 111c' lain-

-ilives a, the( original since, a., with the originlal. the sort rtiiis lit 0(h, ig1) t11i1w. and, a."

itw av' the Ilieg, alerun ill (Ig 11) ltlie. fit a solis.c thlis va;iriott Itai. ritles ti'114

(44114 U Ii' t em Id ca pi4 ilitx for ille ",call cap1411lit V.

9 Binary Search

Ini this sec tioii wve conideI((r thle problemi of it elemnieits of a set A e'ac h execut ing a bi na rY

* ~~~scart,'l oil a hina rv trie I/ \,i h ttt vertic(es. We assluiii4 that t~ li c re 7' is, taigizii/d( ii

a vec(4uiilig (I4 tll, Iitardl h4ap )rdilmg: 11w' roo)t valtue i.,s t01't lit I Ill a114 Ilie two

* childr eli of it vertex stored at Ti] art 'stored at TI2i] anld 1i + lj. Witlli a cutwrrr i tf-

na4 p1U1)111111 e. a lill ,a c I-, *ac siIjl4 t~'heilwilt of A stliiis 1411 Ieail th e roo( 't of1

I'. (14'- Il(es xvlickl xxv 1(4 go, nild follow" at pl11 i ltwil to 4 tie( 14'11\s hiiised oii a test a iid

Salle iinpt di114 a h111tle4tic ;it e',1 Ii ver-tex >tl( It ;I St'1irtil Ic1(Ijii4' C44114lFiielit acces s by izianx.

4,'lt'tii'il ol A 144 a singe el'i'tt (41' I

144l 4'X4)441 hil' Itillll\ s4'iiti (i-i11 ill IIII ll titj 4's I4i 4ll 441 .; 41 4 111111li lead(

* 144 t it rig2,l i or to O w 1'Illi chli 1 f lilt. 141'11 (41 1. W e4 i ti I '' I Ii- I Yl 14111 %X li li ''m(1 41l

4 distribute (tjptriti44lito di4) l i h.,trulIl' I,. XI I ;jit h.1 IllA. "I' Il h- I I(44 t,' ii>It,

r 2(4

S1



iii (( it.

W~e Imw\ (4isilV a 'wlieri dizjtin onl the simple lbinary' seairch. At each step. as well1 as

I' lii l ;gaill Pelmenlt of' A10 go to hie left or right child of the vertex of 7' it is c urreiitlv at,

iei le 1tt() rcillillii III(,li samie 'vertex of T. Thiis means that thiere ight.Ot be elemntils of

I l all levels of ihe tree m>ei of atl a irl level. W~e also allow nwv elemienits to eniter

If w ,i tfee ilt ec i step. liue1(1 illtist rates how we store the elements of' A anid anl

'KaiiiI ;I' 41 St(-) oif tli el eraizel bliarvY search.

Fl exe ilite ak 1- fIwIlII- erc hi, we in iist somlehlow ajppend tile ehemoien ts at a

vi 1, that reia i WtIl thle elemients1. beinzg passed downi fromi te pdl('iit of c. 11)o

thwl lzelis we c m ii;( useth append operation dliscussedliin Section ;3. The basic

ideai is fir1st to Separate thle elemenits t hat remain from those that go to a child in~to two

>caaevectors ingtwo pack operations. For the example of Figure 10 this would ret urni:

rez min [(to] [ a.1 [ j[ [a5 (14-,] [(17)

1101t-1.imI ti Ikil l [(2] [a.3] [I [I3 [ I]

W" 1)' t 11 il ie one> guitig to at child hased oii whether they are goimig to thle left f)I

i'jlchild ;i~ split oper~ttioii. Thiis wouild retutril:

splitiiot-leziiaiii - 1 [ail [o02] [1 1(1:1 [1 [3 1 [ I 1 [ 1 ] 1

W e ,\% lIi lie soI'icmlts ol i te split ve('tor right. by oii' aid inlsert the 11'w ('l 'lwfiits

ill 1) et,,It Beca;use (-h the heap) or-der (1l I'. t his will Cause e(ell seglilemlit to go to it>, (hildl

>coliiciit. WVe also trumiiu~ate the >emmitthat Coirrespiondl to child reii of the le~afvrtn.

1 i'ese calculat0ionis would ret0tirii:

chII(iln [1 I.,] [ [o[ [oa [I [,/) o ]

now()\ ap 1)1(1id thIte shIIi ft ed vectI or ( IiidtI(, ii ) t o t I e vec torI o f elleIueitIIts thIa t re II aii1 l

I an)usi-I the append il(liill

I' fllown rwll Ine call he llsd it) e'(,ilte, aI )of t~we l'1I;i "cHicl I.e 11mmin

I"f Ihi fiIflt w t sta at t lI IeII c tI t xettIc'lI x. am1 th 1 o1)( ih ? 11; p( 5lf~i I IntsII

I. 11i 4l to ti 1ji l)1 1im II. A~r I lw I( (' Iflit 1lIlI If le i 1, tI d I I .(()

de f ie sea rch -step! 1. 1'. H. imei r.'.

nlft-remii'iii - pack( A1. not( r inioiir )

chldii -shift-segn'ents-rightl H?. split( Iiot-rvieimii. righIt?)):

* d1 )1 )CfdI ii. (Iillil tii

-~ ~j~*27
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t [a a

[a,,

t t 2 [a3
4%

Afr
7' [t~~ 1 a.) ( r~ I;

I' t[ 4) [I 5I xJ r tI [x[J7

I (altru [Us (l~ li Bfore (u (2 ( 1 J [i~ (c

0: An exmple of step ofthe genea iaysac hiu. We 9ee aegen
in~~ 91 for eahvrerftete 'sc htsgen orsod ovre .Ec emn

conai s l) ele ens t he ores on i vet ex T[ e veto aii dcts a x m l w ee

each~ eleen want togauigase ftesac rfo ih, frlfadxfrrm )
The vetr41otisnweeet neig ttero ftesac tta tp

[a /1 la5 a61 fa t

t t I
t3 t4t5 I.] 6 [a 7
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Thisd 1) itwiilt( wp cil 1i \N bcl t(dI')h cx-ii Iu li tu iull> 11,1!lAN l~ti.

the tI0( idgul i 11 tlQ CuI c tillch \ViC loll -,. I t , it the i (iiilit-, & ( i n-1 h l ed 11,t

Iict stllc e bt s ui c ct ii clt do I-4iicl i tiX l ;I I'wih (l lltit %,I> 1(>ll2 i. lli.t i-

10 Conclusions

hI lk pah o le uc- Sdi1t th l d dlii jesit l> i(\(l dI l I4(lit itat l Ilij I ti d. it paI li ki --,Ii l(hi

uI2l i lii. 1 11 c (1iod ) (2 1(2\ (1 .lov i eveis rha2  \l i ;d't)Ii v li ght SIIII'1wltii illC~ the2 a l('ip

ii>!c( ti;m olfiliiu th ilorll0im" itiii5 'e (h(ill Oipae awi ( iiiec il f Maci. I lo-Oi

\\ 1-hoev tht 11the aoft li-blo Ill W( ds i pdipc Is't h~t (dcl foroo i1112lidl 1il i n

\(1 t) 1,111,2 1 liitt 111(2> a hOillmis do.121 w 4~hitl )11dl~ d ti o lectiol MIch111(-1Cs>11 dli1

l ISt i it pildticilil r iiI-clitct ire its idgCrit lii desigtned specifically for thtat ;irileit (2(1 ut

lI is 2 . o '(Ierlihitv is Onie of th li' ilili adicl lit ageS of, tilie scati-Ilioohol over tile 1'-]?AN IliOdcl.

TllP ;tdiII ~lt go aFIkeS 1)0111 becau~tse the scati-tiiodel is it \2ctil- iiodjel. allowing efficietnt jil-

plomilt;itllk M:1( ((II\(or llloccs55it> and~ >itigle tlistttlctioli parallel plocc('Ssos, ad hoitilse it

1 lp ,c10 m l(2(Ilit \V i s lilkie [toitior (O lil'th a li e '111(1 o ill. ;Ilh illisi tsilt l ielpit 111

1110 aiu B-uihii fv iidIV lhlolit iii>. Inililpletlilt I lie mil-'ceoperation oil seiaul

I lo oil liii ii i l- llti- \\llt 1,,%\l - ia rt ut tn o o rtuitis

29)



us, it vairiaion Iof (4 atcier's bit(Eli( illeige,(' [4 Algorit hutIs t~o (olist Ilit andi( Il4ilipiilato I ho'

plane-sweep tree data structure [3,1,5,231 canl he greatly simp1 lified with at unit -tiuje Iiirpg

operal ion. We have also found thle niergo p~rimiitive( lisehil for Iuialipiilatiuig set"'. We ha Yve

alIso -onsideied sorting as a primitive, hut we find it hard( to argue that sorting shlou ld he

aissiiii(ld to reqluire the same tinme as aI perulit at loll.

W\e hope that the paper wIi l elp spuir fUrt her initerest iii designing algorithmiis for vector

iod('h of compu)11tat ion.
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